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1. Introduction. Semilocal and related classes of group rings have been investigated by many authors (cf. [10] ). In particular, the following results have been obtained. THEOREM A [4, 10] . Let K be a field and G a group.
(
i) If ch K = 0, then K[G] is semilocal if and only if G is finite. (ii) // chK = p > 0 and G is locally finite, then K[G] is semilocal if and only if G contains a p-subgroup of finite index.
In the case of semigroup rings some stronger conditions have been studied. Munn examined the semisimple artinian situation [6] . Zelmanov showed that if K [G] is artinian then G must be finite [11] .
The purpose of the present paper is to characterize semilocal semigroup rings K[G] be means of the properties of the semigroup G. It is done in the cases listed in Theorem A.
Fundamental definitions and properties of semigroups and group rings may be found in [1, 10] . In what follows K will be a field and G a semigroup. If G contains a unity then we shall denote by G, the subgroup of invertible elements in G and put G o = G\G t . If G has no unity, then G o = G. Let [2] and so G o is an ideal in G. The set of idempotents of G will be denoted by E(G). If A is a ring /(A) will denote the Jacobson radical of A. For a semilocal ring A we use n A for the length of A-module AU(A).
us notice that if G contains a unity and K[G] is semilocal, then K[G] is von Neumann finite
The starting point for our considerations is the following result.
THEOREM B [4, 9] .
Some necessary conditions. If the assumptions of Theorem A hold, then the K-algebra K[G] is finite dimensional modulo J(K[G]
). We will prove the same in the semigroup case. THEOREM 
Assume that K[G] is semilocal. Then K[G]U(K[GJ) is finite dimensional over K if either of the following holds:
(i) chK = 0, (ii) G is locally finite. 
(ii)(a) Since G is locally finite by Theorem B, (ii)(a) follows as in Lemma 1.
( 
Hence the restriction of TT P to G/~F p is a semigroup isomorphism. Since Q[G] is semilocal, there exist finitely many different kernels of homorphisms of the form <f> p Tr. However, if ~F p , ~F are distinct congruences, then the kernels of the homomorphisms 1^, 77-, ifi q TT are different. In fact, if for example there exist x, y e G such that x ~F r ,y, x-/-F y, then x-y eker TT P <P P = ker t/< p 7r and x-y<£ker 7r q <p q = ker tp q ir. Hence there exist n finitely many congruences of the form ~F in G and ~Q = p| ~F for some primes Proof. Let fC () be the prime subfield in K.
is finite since it is embeddable into the finite ring F P [G]/J(F P [G]).
In the case of characteristic zero it follows from Lemma 2 that for some primes p,. Now, by Theorem 1, Theorem B and Lemma 1,
is finite dimensional over F p and, as above, G/~F |i is finite. Thus G/~K is also finite.
Since we have natural epimorphisms
) is a homomorphic image of a semigroup ring of a finite semigroup. Thus Theorem 2 may be regarded as a strengthened version of Theorem 1.
Let us notice that the only reason to assume that G is locally finite in the case of positive characteristic was to meet the assumptions under which Theorem A could be used. Thus the assertion of Theorem 2 also holds for arbitrary semigroups if K is not algebraic over its prime subfield (cf. [8, Theorem 3] ).
Theorem 2 may be also obtained using Burnside's theorem on irreducible semigroups of matrices (cf. [2] ). This may be done through Corollary 1, Theorem 1 and some considerations which are quite different from those presented here.
Main theorems.
Before stating the main theorems we will prove the following lemma. LEMMA Sn Bii =£n (cf. [7] ), |o-A (a)|«=n. It follows from [7, Theorem 3] , that A is semilocal and n A =s n.
The above lemma does not hold in the case of a finite field K. For example put Proof. In view of Corollary 1 we may assume that K is algebraically closed.
Necessity. G is locally finite by Theorem B. If H<=G is a subgroup, then K[H]=* K[H]I(K[H]DJ(K[G]))^K[G]U(K[G]) since K[H]HJ(K[G])<= J(K[H]) = 0 by [10]. Thus |H|ssdim K K[G]/J(K[G]) and by Theorem 1 it is enough to put N = dim K K[G]I J(K[G]).

From Theorem 2 it follows that E(GI~K)<^G1~K
is finite. Let E , , . . . , E s be all the classes of the congruence ~K in E(G). If g e G and e,feE { for some i, then e-fe
J(K[G]) and so ege-efgee J(K[G])C\K[eGe] = J{K[eGe]). Assume that ege is invertible in eGe. Then (ege) k = e for some k3=l and (e-(efge) k )e J(K[eGe]). Since J(K[eGe]) is nil ideal, (e -(efge)
k ) n = 0 for some n 3= 1 and there exists r ^ 1 such that {efge)' = e. Thus
ege -efge e J(K[eGe]) n K[(eGe){] c /(K[(eGe),]) = 0 and ege = efge. Similarly ege = egfe.
If we assume that egfe is invertible in eGe, then, as above, ege is also invertible in eGe and ege = efge = egfe. In particular, efe = e and so the sets E t are semigroups.
Sufficiency. Let us notice that the assumptions on G are inherited by any subsemigroup H. The number of nonempty sets H D E, will be thus denoted by s H . We will prove that there exists a common bound (dependent on N and s) on dimensions of /C-algebras
K[H]/J(K[H])
for finitely generated, and hence finite, subsemigroups H in G. Then the assertion will follow from Lemma 3. It will be done in two steps.
Step Let i e { l , . . . , s}. We will first show that <p(e) = <p(/) for e,feE t . It may be assumed that <p(e) = \ I where / is the unity of M, r<p(e) (K"). Then <p(/)= I for some L0 0J
LBf BfAfJ rectangular matrices A f , B f since efe = e and fef = f. Let F be the ideal in H generated by (eHe) 0 
. Then e(H/F)e = (e(H/F)e) 1 U{d} where 6 is the zero element of e(HIF)e. Since cp(K[F])<<p(K[H]) = M m (K) and s F <s H , we have (p(K[F]) = 0. Thus <p(K[H]) = cp(K[H/F]) for a homomorphism <p such that <p = <pi}i and ip : K[H] -* K[H/F] is a natural homomorphism.
Hence H may be replaced by H/F in our considerations and so we may assume that the zero is the only non-invertible element in eHe. Now the assumption (ii) means that ege = egfe = efge for any geH.
If g e H then <p(g) may be written in the form 
(i) // ch K = 0, then K[G] is local if and only if G is locally finite and eGe ={e} for any e e E(G).
(ii) Assume G is locally finite and ch K = p > 0.
Then K[G] is local if and only if eGe is a p-group for any e e E(G).
Proof. Assume that K[G] is local. Then any e e E(G) is a minimal idempotent and so
eGe is a group since G is torsion. Thus the necessity follows as in Theorems 3 and 4.
In view of Lemma 3, to prove sufficiency it is enough to show that K[H] is local for any finite subsemigroup H in G. We may choose a K-basis for the augmentation ideal in K[H] consisting of elements of the forms e -g and e -f where e,feE (H) and g k =e for some k 3= 1. Thus it is enough to prove that all such elements are nilpotent. For e and g as above we have (e -g) fc 
